5-2 Verifying Trigonometric Identities

Verify each identity.
. (sec2 & — 1) cos 20 =sin” 0

SOLUTION:

(scc" a-= I}cn:;‘ d

=(tan’ @)cos’ @ Pythagorean Identity
EATE . .

—[ "— |1_'ns' @ Quotient Identity
| cos” @ )

=sin’ @ Multiply and divide out common factor.

.sec’ 0 (1- cos’ ) = tan® 0

SOLUTION:

sec” @(1 - cos” @)

=sec’ f—sec’ Pcos’ @ Distributive Property

1 3 2 :
=sec’ @ - ———-cos’ @ Reciprocal Identity
cos”
=sec’ @1 Multiply and divide out common factor.
=tan” @ Pyvthagorean Identity

_sin 0—sin @cos’ & =sin® &
SOLUTION:
sin @ —sinfcos’ 6
=sin@(1—cos’ ) Factor.
=sin#sin’ Pvthagorean Identity

=sin’ @ Multiply.

.csc & —cos # cot & =sin #

SOLUTION:

csch —cosBootd

. —cosﬁ'( cosf}) Eeciprocal/Quotient Identities

sinfd sinf
1—cos’8 i :
== 7 Write with a com denom
sinf
5in’g
== Pythagorean Identity
siné
=sinf Divide out factor of sinf

. cot’ Pese’ @ —cot’ @ = cot4 i

SOLUTION:

cot’ Besc” @ —cot” &

=cot’ Blese” @—1) Factor.
=cot” fcot” & Pyvthagorean Identity
=cot'®) Multiply and add exponents.
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. tan 00502 £ —tan & =cot ¢

SOLUTION:

tan@csc’ & —tan ¢
= tanO(cse” 0 -1) Factor

=tanfcot’ & Pythagorean ldentity
_sing cos’d

= s Quotient Identities
cos! sin” @

cosé! . . .

== Multiply and divide common factors.
sind

=cot i Quotient Identity

sec f_siné _coto
sné  cos@

SOLUTION:

secf  sind
sinf cosf

1
= o Fiid: Eeciprocal Identity
sinf cosf
= : - 51n29 Common denominator
sinfcosf sinfcosf
w2
=M Write with a com denom
sinfcosd
c0929
= Pythagoren Identity
sinfcosf
=C.O—Sﬁ Divide out cosf .
sinf
=cotf Quotient Identity

sinf 4 1—cosf —9 g @
1—cosz# sin #

SOLUTION:

sinf + 1—cos#

1—cosf sinf
—zsind _ sind 1—cosd  1—cosb poooire using com denom
sind  1—cosf 1—cos@ sind ) ’

i G 2
sin”f 1—2cosf +cos™@
= Tulitpl
sinf(1 —cosf) * sinf(l —cosf) g

2 2
= snOineos dit 1 ciow) Write with a com denem
sinf(1—cosd)

% Pythagorean Identity

_ 2—2cosf

" sinf(1—cost) Add

__ 2(1—cosf) i

"~ sinf(1—cost) ]

-2 Divide out (1 —cosf)
sind

=dosch Reciprocal Identity
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5-2 Verifying Trigonometric Identities

9.

10.

11.

_€0S8  4tan @ =sec @
14+smné

SOLUTION:

cosd
1+siné
_ cosf sinfd
"~ 1+sing i cosd
_cosf _ cost + 1+sinf | sind
cos? 1+4siné 1+sin8  cosf

s cosd 5in@ +sin’0
cosd(1 +s1n6) (1+sind)cosf

2 : 2
=081 -sinf Haindf) TWrite as a single fraction

+tané

Quetient Identity

Eewrite 1 with com denom

Idultiply

cost(1 4+ siné)
145108
= Pythagorean Identit
cost(1+sind) PIABRRE R RS RHEY
= 1 Divide out (1+sinf)
cosf
=sech Reciprocal Identity
smf 4 cosf  _gin @ +cos &

l—cotd 1—tan @

SOLUTION:

sinf cosf
1—cotf 1—tanfé
sinf cos?
=t — uotient Identit
_ cod s singd Q ¥
sinf cosd
= Eing + Gas Eewrite using com denom
T sind _ codd co) _ sing i EHATRR E
sind sind cosd cosd
sind cost s i
= ind—cod sk o Write denem as single fractions
sinf cosd
2 2
5in”d cos™d = T
=— o - Simplify fractions
sinf —cosd cost —sinf SRR s
. sin’f cos’9 Factor out —1
— = - R ac k-~
sinf —cosd sinf —cosd

5ing — cos’d
= Write as a single fraction
sinf —cosf
sinf + cosf) (sind —cosd
= ¢ - ) ) Factor numerator
sinf —cosf

=sinf +cosf
1 e 1
1—tan’d 1— cotzﬁ
SOLUTION:

Divide out (sind —cosd)

1

;2 + %
1-tan“8 1—cot™@
= % + % Quotient Identity
1isi115 176D55
2 2
cos’f sin“8
= = 1 T B 1 7 Eewrite 1 using com denom
cos™d _ sin“@ sin“@ _ cos'@
o8 cos®  sin“®  sin’®
= 1 + 1 Write denom as single fractions
2 ) 2 2
cos B—sin“g sin“B—cos’f
cos'8 sin”8
2 2
= zcos g Tt zsm g = Simplify fractions
cos"@—sin“8  sin“B—cos @
2 2
= cos’@ + sin’9 Common deneminator

cos?0— sin’8
o0 — sin’Q
ot sin’0

cos6— sin’6

Write as a single fraction

Divide out (cosze = sinze)
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12.

13.

14.

15.

1,1

1 1
cscf+1 B cscf —1
= z:zg:i . CSC;+1 + E:ESi} . CSC;71 Commen denominator
- csczﬂ—l o 555194—1 Multiply
cse’f—1 csc—1
—ntcscl Write as a single fraction
2
csef—1
2cscl
= Pythagorean Identity
cot“d
2(:i;9)
=—== Reciprocal/Quotient Identities
cosd
sin’d
2 sin’f
= . Rewrite using multiplication
sind  Loel8
= Zind Multiply
cos"@
= [ . )sm@ Factor
2
cosf
= 235:2631119 EReciprocal Identity

(csc & —cot #)(csc & +cot ) =1

SOLUTION:
(csed —cot@Wese +cot )
=csc” B =cot’ @ Multiply.

=1 Pythagorean ldentity

2

4 .4 2 .
cos f—sin & =cos” & —sin” &

SOLUTION:

cos’d —sing

= (00529 + si112|9) (00529 e sinEG) Factor
=l(co:;2|‘5| —si1126') Pythagorean Identity

=cos0 —sin’d Iultiply

1 + 1 =2sec’ 0

=2 sec2 & sin &

l—sinf 1+smnf

1 1

1—sinf * 1+sinf
1+ sinf 1 1—sinf 1

= . . C de: ator
1+sinf  1—sind 1—sind 1+sinf e

s 1+s11129 e '17511129 Multiply
1—sin"8 1—sin"8

-2 _ Write as a single fraction

2

1—sin“g

= 22 Pythagorean Identity
cos 8

=2sec%0 EReciprocal Identity
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5-2 Verifying Trigonometric Identities

16. COS_ g + ':OS: o - 2 sec
1+smf 1—sin@
SOLUTION:

cosf cosf
1+siné i 1—sind
__cosf  1—sinf + cos#  1+smnd
1+sinf  1-—sind 1—sinf 1+sind
cosf(1—sinf) cosf(1+sinf)
T (1+sin8) (1 —sind) (1 —sinf) (1 +sind)
= co(l —sinf) + cosf(lsind) Write as a single fraction

(14 5in8) (1 —sinf)
_ _cosfl —sinfcost + cosf + sinfeosd

Common denominator

MMultiply

— Iultiply
1—s5in“¢
:Lsaz Simplify the numerator
1—s5in“¢
:@ Pythagorsan Identity
cos“f
__2 ) Divide out cosf
COs
=2sech Quotient Identity

17. csc4 ri'—cot4 i =2cot2 i +1

SOLUTION:

cscd —cot’d

= (csczﬂ —cotzﬂ) (cchG +c0t29) Factor

= [csczﬂ — (cchG -1 [csczﬁ' + (CSDZG —1)] Pythagorean Identity
=[csc26' —cseto+ 1] [c3029 +esc’e —1] ultiply

—[1][2esc%0 —1] Add

=2scf—1 Multiply

B 2(cot29 +1) -1 Pythagorean Identity
=2eot’d+2-1 Multiply
—2ot’d+1 Add

8 csc’f+2c560 -3 cse0+3
csclf —1 cscf+1

SOLUTION:

csczﬁ'+2cscﬁ'—3
csco—1

_ (cscB+3)(cscf —1)

T (cscB+D(cscd—1)

_ cscf 43

T cscf+1

Factor

Divide out (cscf—1)
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19. FIREWORKS If a rocket is launched from ground

level, the maximum height that it reaches is given by

2.3
h= M, where @ is the angle between the

ground and the initial path of the rocket, v is the
rocket’s initial speed, and g is the acceleration due to
gravity, 9.8 meters per second squared.

4

2 T
a. Verify that Visin'd _ NN T
2g 2gsecf
b. Suppose a second rocket is fired at an angle of

80“ from the ground with an initial speed of 110
meters per second. Find the maximum height of the
rocket.

SOLUTION:
a

.2
2 sin®g

3o v (—2)
vian®8 cos“d

=
gsec 1
2gsec 23( .

cos 8

Quotient/Feciprocal Identities

visin’e
= Divide out

g ey

. v'sin'@
b. Evaluate the expression : :" for v=110m,
g

6=80° andg=9.8 m/s’.
visin@ 1107 sin” 80°
2g 2(9.8)
= 598.7
The maximum height of the rocket is about 598.7
meters.
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5-2 Verifying Trigonometric Identities

Verify each identity.
20. (csc & +cot €)(1—cos &) =sin #

SOLUTION:

(csch +cotf) (1 —cosf)

=cscf —cschoosd + cotf —cotfoosd Multiply binomials

= 1 ( 1 )cosﬁ + ( coif ) —~ (M)cosﬂ Eeciprocal/Quotient Identities

sind sind siné sind
2
_ .1 _ cosf cosf _ m.)s ) Multiply
sind  sind  sind sinf
_ 1—cosf+cosf —cos’8 Write as one fraction with
- sind a common denominator

Simplify numerator

Pythagorean Identity

Divide out commen factor

21.sin% @ tan® @ = tan® 6 — sin® &

SOLUTION:
ta1126' —si112|9
_ sin’g

cos @

—5in’g Cuotient Identity

sin’g 2
—— —sin"#-1 Iultiply by 1

cos d

sin’g 2\ cos’8
e (sin S) —— | Rewrite 1 with com denom

cos @ cos’8
L . 2 2
_sin"8 _ sin“fcos’d Multiply
2 2
cos cos 8
RS -2 2
= M Write as a single fraction
cos @
sinzﬁ'(l—coszﬁ)
. B Factor the numerator
cos @
s 2a . 2
= w Pythagoerean Identity
cos™d
D
=sin’8 singd. Factor
cos 8
] 2 . .
=sin“fran”f Quotient Identity
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22.

23.

1 —tan’é . cos’ §—1
P 2
1 —cot™@ cos #

SOLUTION:

1—tan’s
1—cot’s
1 sin’
2,
o6

——ei? Reciprocal Identities
_ code

sin’
<o _ sin’
oo’ cos’s
=-—0fr e T Eewrite 1 with com denom
B Z
sin’f _ cos®

B 2,
sin§ sin’8

2 2
co: 5in 79
_ o Write numerator and denominator
T in%—cod with a common denominator
sin"g
2 3 2
= L—znﬂ . % Multiply by the reciprocal
cos'f 508 —cos @
25 gin oeeid 5
_.cosd (12 cosf) 1 2078 Pyihagorean Identity
cos @ (1—cos"f) —cos™@
2 ¥
= L;osﬂ . % Simplify the numerator
cos'd 1—2cos°6
2 2
—(1—2cos™f .
:% . % Factor out—1
cos g 1—2cos°8
—(1-2058) (1—cos"8)
= e g Multiply
cos’ 9(172{:05 9)
2
—(1—cos"d
:(7;“) Divide out (172:0329)
cos 8
2
—corfol Simplify the numerator
cos'f

14esc = o5 0 +cot
ser

SOLUTION:

1+csch
secd
1

1+— g
= Eeciprecal Identity

1
1 sind Eewnte 1 with com denom
cosd
_ sinfH
sing i " - .
1 Write the numerator as a single fraction
cosf
= M , 058 Idultiply by the reciprocal
sind i}
— sinfcosf +cosf Write as a single fraction
sinf
= w +L“;ﬁ| Write as two fractions
sind sind
=cosf + L058, Divide out siné
sinf
=cos? +cotf Quotient Identity
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5-2 Verifying Trigonometric Identities

24. (csc & —cot )2 = 1=cos@
14+ cos@

SOLUTION:

(csc @ —cot 9)2
=(cscf—cot #)(cscf—cotd)

= c5c 20 —2csc fot O+ cot 20

Rewrite as a product

Multiply binomials

1 2 cosfl cos'f . : :
= - +—— + —— Reciprocal/Quotient Identities
sintg  sind  sind sin’g
2
SEN + Losd, IMultiply fractions

sin’@ sin’@ sin8

2
=M Write as a single fraction

5in @
2
= M Pythagorean Identity
1—cos™@
2
(1—cosf)
e Factor
(1+ cos8) (1 — cosé) acter
=:11__._%§: Divide out (1—cos#)

1+tan’s
1—tan2§ 2-:052{:? —1
SOLUTION:

1+tan’e
1—tan’g

2
sin’@
i .
= F98 7 Quotient Identity

e 511129

25.

cos’8
0’8 | sin’g
cos’8 oo’
=—2E7 fOE7 Eewrite 1 with com denom
2 2
cosd _ sin’d
50526‘ coszﬂ
co529+si1129
cosd Write numerator and deneminator

cos%—sinla with a common deneminator

cos @
2 2 2
Eor - sinid 1 Iultiply by the reciprocal
2 2 2
cos @ cos @ —sin’d
coszﬂ(coszﬂ + s1n29)

= Idultiply.
coszﬂ(coszﬂ = smzﬂ)

2 L2
— 0088 Hsin’d, Divide out cos’8.

cosf —sing

=% Pythagorean Identity
cos @ —sin"d

:% Pythagorean Identity
cos @ —(1—cos'd)

=% Distributive Property
cos’@ —1+4cos™8

= + Simplify the denominator
2eosf —1

26.tan% @ cos> 6 =1— cos> 0

SOLUTION:

tan’ Heos’ @

sin” @ y . .
= 7 Cos” & Quotient Identity
Cos™
sin’ #eos” @ )
== Multiply.
cos 6
=sin* @ Divide out common factor of cos” 6.

" ;.
=1-cos”" & Pythagorean Identity
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27.sec #—cos ! =tan ¢ sin &

28

29

30.

SOLUTION:

sect! - cosd

= —costt Reciprocal Identity
cosf?
| cos’ @ 4 : z
= Rewrite cos# using the common denominator.
cost cost!
1-cos’ @ e
e Add fractions.
cosé!
sin® @ .
e Pythagorean Identity
cosf)
sind siné - . -
— Rewrite as a procuct of two fractions.
cosd 1

=tandsind Quotient Identity

1—tan40:2 sec2 0—3ec4 0

SOLUTION:
I—tan'®

=(1—tan’ @)1 + tan” &)
=[1-(see” & —1)|(sec’ )
=[1-see’ @+ 1))(sec’ 9)
=(2-sec’ (J}(scc: o)

Factor difference of two squares.
Pythagorean Identities
Distributive Property

Simplify.

=2sec’ f—sec' @ Distributive Property
(csc & — cot & )2 - l—cosf@
14 cosé

SOLUTION:

(cscd —cotd)’

r 32

[ 1 cost? . . o
= ———— | Reciprocal and Quotient Identities

Lsmﬁ sinf

(1-cos@ Y
= —ILH J Add fractions.

L sinfd

1-cos0) . ;
= u Power of a Quotient
sin” &

_ (1= c{as{?]"

T lI-cos’@

{1 -cos@1—cos@)
" (1 +cos@) 1 —cosd)
_ I-cos@

Pythagorean Identity
Factor.

= Divide out common factor,
1+cost?

1+tan @
sin @ +cos @

SOLUTION:

=gsec &

1+tanf
sinf +cosf
sind
:Hﬁ Quotient Identity
sinf +cosf
cosd + sing
cosd cosd _
=-2F 0% Fewrite 1 using the com denom
sinf +cosf
_coditsind
L s TWrite the numerator as a single fraction
sinf +cosf
cosfl 4 sinfl 1
=——"—"—+———— Multiply by the reciprocal
cosf sinf +cosf TERRHS CEEEiRiaz
cosfl +sinf .
== ey Llultipl
cosf(sinf + cosf) L
| Divide out (sinf + cosé)
cosf
=sec Feciprocal Identity
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5-2 Verifying Trigonometric Identities

31.

32.

33.

24 cschsech _ (sin @ + cos r,i)2
cse fsec @

SOLUTION:

2+ cscdsect]

esclisect
2 eseldsecd

N + Write as a sum of two fractions,
csellsecd  esedfsecd
N 2 fl cscllsectl
csclsecH
O B
cseld sectd

cscflsect
%

Write as a product.

cscfsect
=2sin@cosd + (sin® @ + cos’ @) Reciprocal and Pythagorean Identities

=sin’ f+2sinfeosf +cos’ @ Commutative Property of Addition

= (sin® + cos @) Factor Perfect Square Trinomial.

OPTICS If two prisms of the same power are
placed next to each other, their total power can be

determined usingz = 2p cos ¢, where z is the
combined power of the prisms, p is the power of the
individual prisms, and 4 is the angle between the two

prisms. Verify that 20 cos 8 =2 (1 - sin’ 1 )sec &.

SOLUTION:
2pil— si1129}sec6

=Zpc os*fsech FPythagorean Identity

= 2_::-:::0326' . Feciprocal Identity
COs

=zZpcosd Divide out cosf

PHOTOGRAPHY The amount of light passing
through a polarization filter can be modeled using | =

I, cos? @ , Where | is the amount of light passing
through the filter, I, is the amount of light shined on

the filter, and @ is the angle of rotation between the
light source and the filter. Verify that

2 _ I'm
Icos 0= Ty — - _
cot® £ +1
SOLUTION:
- {'" =I, | 1- 1l | Factor.
cot” 6 +1 Locott@+1)
1 .
=111 3 Pythagorean Identity
cse )
=1, —sin’ @) Reciprocal Identity
=], cos’ @ Pythagorean Identity
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34.

GRAPHING CALCULATOR Test whether
each equation is an identity by graphing. If it
appears to be an identity, verify it. If not, find
an x-value for which both sides are defined but

not equal.
tanx+1- 14cotx

tanx—1 l1—cotx
SOLUTION:
tany 41

Graph Y1= tanr 1 and then graph
Y= 1+cotx

T l—cotx ¢
_ fanx+1
Yi= fanx—1

LKL
R

[—2%, 2] scl: i;- by [—4, 4] scl: 1

\
| |

[—2%, 27] scl: % by [—4, 4] scl: 1

The graphs of the related functions do not coincide
for all values of x for which both functions are
defined.

Using the intersect feature from the CALC menu
on the graphing calculator to find that when x = 7,
Y1 =-1and Y2 is undefined. Therefore, the
equation is not an identity.
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5-2 Verifying Trigonometric Identities

35.secx +tan x = 1
secx —tan x
SOLUTION:
Graph Y1 =secx +tanx and then graph
Y2= :

secy—tanx

|
) /I|*f1 = SBC X 4 tan x|

=

2 2 502
36. sec” X — 2 sec X tan X + tan° x = L —COSX

SOLUTION:

14+cosx

Graph Y1 = sec® X — 2 sec x tan x + tan® x and then
1 —cosx

graph Y2 = 7]

COOsN ¢

\

e

\

[—2%, 2x] scl: g by [—4, 4] scl: 1

.

]

1

12= sec x —tan x

A

ave

[—2=, 2] scl: % by [—4, 4] scl: 1

The equation appears to be an identity because the
graphs of the related functions coincide. Verify this

algebraically.
1 _ 1

secx —tanx

" 1—sinx

__cos  l+sinx
Tosinx  1+sinx

_ cosy +sinvcosy

1—sin’y

_ _cosx +sinacosy
- 2

2
cofx  cosx
siny
=L+
T cos

secxy +tanx

Reciprocal and Quotient Identities

Subtract fractions in the denominator.

Multiply num erator and denominator
by the conjugate of the denominater

Multiply
Pythagorean Identity
Write as a sum of two fractions

Divide out the common factor cosy

Reciprocal and Quotient Identities
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Y1 = sec? x — 2 sec xtan x + tan? x|

2w, 27] scl: 5 by [—4, 4] scl: 1

J\

_1—cosx
V2= 1+ c0sx

[—2%, 27) scl: ; by [—4, 4] scl: 1

The graphs of the related functions do not coincide
for all values of x for which both functions are
defined.

Using the intersect feature from the CALC menu
on the graphing calculator to find that when x = 0,
Y1 =1and Y2 =0. Therefore, the equation is not an
identity.
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5-2 Verifying Trigonometric Identities

37.

2
tx —1
%=1—Zsin2x
14+cot™x
SOLUTION:
coﬁz:n —1
Graph Y1= | +cotx and then graph Y2 =1 -2
.2
sin” Xx.
coffx =1
V1= 1+ coff x
o R o Y 1 o O ok AP
NS "x.r’ LV I
[—2%, 2] scl: ‘2‘ by [—4, 4] scl: 1

r
Y2 = 1— 2sin? x|

"L/f(f"-..e’f’-hf’
NN NS NS

(=2, 2x] scl: 5 by [—4, 4] scl: 1

The equation appears to be an identity because the
graphs of the related functions coincide. Verify this

cot’ x—1 _eot’ x-1 o
—— = Pythagorean Identity
I+cot” x cse” x
cos’ x
o
—”“'% Quotient and Reciprocal Identities
sin” x
cos’x )., ! <3
=|—5—-1|sin"x | +——=sin"x
Lsmox / s x
=cos’ x—sin’ x Multiply and divide out common factor.
=(1=sin® x)—sin’ x Pythagorean Identity
=1-2sin°x ¥ Simplify.
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38 tan x —secx -

tan 2;s: —1

tan x +secx seczx

SOLUTION:

fan ¥ —sec x
Graph Y1 = tan x +sec x and then graph Y2 =
tanzx —1

SECEJC

- an x — Sec x
T lan X + Sec x

AV AY

2w, 2x] scl: 3 by [-4, 4] scl: 1

tan? x — 1
[ 2= gacd X

SN NSNS N

[=2%, 2] scl: % by [—4, 4] scl: 1

The graphs of the related functions do not coincide
for all values of x for which both functions are
defined.

Using the intersect feature from the CALC menu
T

on the graphing calculator to find that when x = 4,

Y1 = -0.17 and Y2 = 0. Therefore, the equation is
not an identity.
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5-2 Verifying Trigonometric Identities

39. cos? x — sin® x = _cot x —tan x
tan x +cotx

SOLUTION:

Graph Y1 = cos” x — sin x and then graph Y2 =
cot ¥ —tan x

tan x +cot x|

| p

Y1 =coslx — sinfx|[
T AR % Tl 1 bR o OO
RYERY

W WS

3

[—2%, 2x] scl: -‘2‘— by [—4, 4] scl: 1

__ cot x—tan x
Y2= tan x < cot x

A

[—2m, 2x] scl: 5 by [—4, 4] scl: 1

The equation appears to be an identity because the
graphs of the related functions coincide. Verify this
algebraically.

coty —tanxy
tanx +cotx

cOst siny

sin cos s
=-— == Quotient Identities
SLY cosy

cos siny

2 2
cosx o smnx

S1Y COSK sinxcos
=—————————— Multiply to get common denominators

2 2
sin’y cos"x

SV COM BiNX COM
2 L2
COS X —sin X

sinxcosy
e Addfractions
2 2
sin"x fcos’x

BITX COSY
T Iultiply numerator and

o 5 " - ’
iAo denominater by (sin x - cos x)

= costx —sin’r Pythagerean Identity
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40.

41.

42.

43.

Verify each identity.

{ 5in xtan x _ .
_ = |s111 .'|.'|
sec x

SOLUTION:

| sinxtanx
SECY

Quotient Identities

Iultiply.

c 2
SIN°X  COSXY

Lultiply by reciprocal
cosx 1

_f. 3 o 8
= sin®x Divide out cos x
= |sin] Simplify the square root

secx —1 — ‘L‘_l
secx +1 tan x

SOLUTION:

secy — 1
secy +1
= [seex—1  [secx—1 IMultiply by conjugate of the denominator
secx+1 secx —1

132
sec x—1
132
= J@ Pythagorean Identity
tan”x

secy—1 =
= Simphify the square root
tanx SRR, e

In|csc x + cot x| + In|csc x — cot x| =0

SOLUTION:

Inlescx +cotx| +Inlcscx — cotxl
=ln|(cscx +cotx) (cscx —cotx)| Product Property of Logarithms

=1u|csch — cotz.\'| Multiply
=ln[] Pythagorean Identity
=0 Simplify

In cot x| + In [tan x cos x| = In|cos x|

SOLUTION:

Infeot ¥| + In|tan ¥cos x|

COs.x sin .y . ii
=In|— +In “COSX| Quotient Identities
sinx cosx
cos .y e i G -
=In|—=|+ In|sin x| Divide out common factor cos x.
cosy . " i
= In|——-sin x| Product Property of Logarithms
sy
=Infcosx] v Divide out common factor sin x.
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5-2 Verifying Trigonometric Identities

44.

45.

46.

47.

Verify each identity.
sec? 0 +tan 0 =sec” 0 —tan* @

SOLUTION:
Start with the right side of the identity.

sec' @ —tan' @
= (sec” @+ tan’ G)(sec’ O —tan® @) Factor,
=(sec’ @+ tan” #)(tan’ & + 1 - tan” &)
= (sec” @+ tan’ 6)1)

=sec’ B+ tan’ @ v

Pythagorean Identity
Combine like terms,

Multiplicative Identity

-2 cos2 £ = sin4 a2 — cos4 2 -1

SOLUTION:
Start with the right side of the identity.

sin' @ —cos' 61

=(sin’ @+ cos” A)(sin’ @ —cos” &) — |
=(1)1 - cos’ @ —cos” @) -1
=1-cos’@-cos’ @ -1 Multiply.
=-2cos’§ ¥ Add.

Factor (sin* @ —cos* @)

Pyvthagorean Identities

sec? fsin® 0=sec* o - (tan4 0 + sec? 0)

SOLUTION:
Start with the right side of the identity.

sectd— (tan49 + seczﬂ)
Distributive and Associative
Properties

= (sec29 7tan29) (sec29 +tan29) —sec’d Factor
=l (55529 +tan29) —sec’d

= (sec49 7tan49) —secd

Pythagorean Identity

—sec’d +tan297sec29 MMultiply
=tan’6 Add
g
:% Quotient Tdentity
cos f
1 *8
=—— . H0F Write as a product.
2 1
cos“f
= secfsin’d Eeciprocal Identity

3 5602 £ ‘[an2 #+1= sec6 &7 — tan6 £

SOLUTION:
Start with the right side of the identity.

sec” @ —tan® &

= (sec’ 0~ tan’ O)(sec’ 0+ tan” 0)

=(sec f)—lan(f)(sm" &+ secltan (f+t.f\||"0)(scc”+lm| (J){qm:ﬂ—scn {lml|!}+m||3{f)
= (see & —tan’ A)[(1 + tan’ §) + seeBran & + tan’ F]-[(1 + tan’ #) - secHtan & + tan’ 4]
=(1+2tan’ 8+ secHtan O)(1 + 2tan’ & —secHtan &)

=(1+2tan” )’ - (secftan )’

=1+ dtan’ @+ 4tan’ @ —sec’ Pran’ @

=1+ tan’ @4+ 4tan’ @ - sec’ @)

=1+ tan’ 4 + d(sec’ @~ 1) —sec’ 4]

=1+tan’ (4 + 4sec’ O -4 —sec’ @)

=1+tan’ @(3sec’ &)

=1+3tan’ Osec’ 0

=3sec’ Plan’ @+ 1

eSolutions Manual - Powered by Cognero

48.

49.

50.

sec4x=1+2tan2x+tan4x

SOLUTION:
Start with the right side of the identity.

1+ 2tan” x+tan’ x

; ) 2 R
=1+2(sec” x—1)+(sec” x -1y Pythagorean Identities
=1+2sec’ x=2+sec’ x=2sec’ ¥+1 Distribute and square.

=sec’'x ¥ Combine like terms.

2 2 2 2
Sec XCSC X=8Sec X+ cCcsC X

SOLUTION:
Start with the left side of the identity.

SeCT NCSCT X

=(tan” x + ljese’ x Pythagorean Identity

;

1l P
sin”x 1
= I+ =
| eos X sin” x
1 |

-—— Multiply.
COsT ¥ sty

Quotient and Reciprocal Identities

=sec’x+esctx ¥ Reciprocal Identities

ENVIRONMENT A biologist studying pollution
situates a net across a river and positions instruments
at two different stations on the river bank to collect
samples. In the diagram shown, d is the distance
between the stations and w is width of the river.

| e . |
e e,

a. Determine an equation in terms of tangent o that
can be used to find the distance between the
stations.
b. Verify that d = W€03(80°a)

Ccos a
. Complete the table shown for d = 40 feet.

E 20 40 60 80 100 | 120

d. If @ >60° or & <207, the instruments will not
function properly. Use the table from part C to
determine whether sites in which the width of the
river is 5, 35, or 140 feet could be used for the
experiment.

SOLUTION:
a.
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5-2 Verifying Trigonometric Identities

OPP o oent ratio HYPERBOLIC FUNCTIONS The hyperbolic
adj N trigonometric functions are defined in the
following ways.

tana =

d ;
tanae =—  opp=d and adj =w
W

- _ I X —X
wiano = Multiply each side by w. sinh x = 2 (e —€ )
d =wtana Symmetric Property of Equality i
cosh x = - € +e)

b. i
d = wian e ﬁ
i tanh X = coshx
1] ; :
= Quaotient ldentity 1_
C“N’Iw cschx = sinhx , X # 0
weos(90° — o - i .
= i inald Cofunction Identity #
coso sech X = coshx
_1
c. cothx = tanhx ,x # 0
/ ) ] ) ) )
tana = Verify each identity using the functions shown
N above.
a=tan”| = 2 .2
:w\ o & 51. cosh® x —sinh“x =1
st 2w @ = tan '| ﬂizﬁfr.ﬁ
L20) \ 80 ) SOLUTION:
(20, [ 40)
a=tan" | — |=45 a=tan” | — |=21.8
\ 40 ) 100 ) cosh®—sinh® x Start with the lefi side.
r ) s 8 Tog T I €2 o and < : eFinitions
p— 40 <337 i ,l 40 <184 —:(.- re ™) ——I(r —e™) Replace cosh and sinh with definitions.
L 60) 120 i, o ,
:4[« 4247 = (e =247 Factor and square each expression.
20 &0 1] 80 100 120 L . )
—I[(*" +2+e T —e¥ 12— Distribute the negative.
63.4| 45 |33.7/26.6/21.8/18.4 | L
= “4) Combine like terms.
=1 v Multiply.

d. If w=5then @ will be greater than 63.4° since

5< 20. If w = 140, then & will be less than 18.4° 52. sinh (-x) =—sinh x

since 140 > 120. If w =35, then 45° < & <63.4"°

since 35 is between 20 and 40. The sites with widths SOLUTION:

of 5 and 140 feet could not be used because @ > ““‘"“‘” Startwith the left side.

600 and < 201} , reSpeCtlve|y The Slte W|th a —'5[:' e “] Substitute — x for x in defintion for sinh.

width of 35 feet could be used because 20” < & < =1 -e) Simplify.

60 ‘ ) = .‘?(—L’\ +e") Commutative Property of Addition
*‘%((’f i Factor out —1.
= —_%{r‘ - Associative Property of Multiplication
:—.sinh.\' v Substitute.
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5-2 Verifying Trigonometric Identities

53. sech® x = 1 — tanh x GRAPHING _CALCULATOR_ Graph each side
of each equation. If the equation appears to be
SOLUTION: an identity, verify it algebraically.

prce
1—tanh *r =1 . foinhia Start with the right side
cosh “x N 5 o
2 2, SEC A tan xsec x
_ cosh®y _ sinh’x Bepl h wwith A2k o s 1
e teplace tanh with-—== =
cosh?x cosh?x ” 55. cogx cee o

2 2
cosh “x —sinh “x >
—cosh ¥-siah ¥ Change to common denominaters

cosh 2

_i¢ +e )P —Liet —e™)? SOLUTION:

Eeplace cosh and sinh with definitions

2
cosh *x - .
7 g SECX tanxyseca
¥ v (@ 24 ™) Graph Y1 = _ and Y2=1
= 7 Factor and square each expression - "
cosh 7y COS X CSCX
)
= - Clombine like terms
cosh *x
-1 5 Multiply
cosh “x
e Rﬁplaceﬁ wilreechs — —3
S

54. cosh (-x) = cosh |y=Sex _ Bnxsor)

SOLUTION: [

cosh(—x) Start with the left side. [_2-“'1 2?[] ol % tl'_;" [_4 4] sel- 1
1 y g e —_— R

= ;[c Cre) Substitute —x for x in definition for cosh.

_%{(’ T+e"y Simplify. -—lf.z 1

=%(l’l +e¢ ') Commutative Property of Addition

=coshy v Substitute.

[—2%, 2] scl: % by [—4, 4] sck: 1

The graphs appear to be the same, so the equation
appears to be an identity. Verify this algebraically.

secy _ tanxsecy

Start with the left side of the 1dentity.
cosy cscx

siny | _1
— e, e jeas oom Quotient and Reciprocal Identities
COSY  COsY 1
fatehy
SNY
o cosx "
= =7 Multiply fractions
cos X e
sinx
1 sinlx Ifultiply by reciprocal
N cox  comx of the denominator
—sec’r —tan’x Feciprocal and Quotient Identity
=1 Pythagorean Identity
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5-2 Verifying Trigonometric Identities

56. sec X — COSZ X CSC X = tan X sec X

SOLUTION:

I ] T 1|

y=Sec x— COSEXCSCX

.y= tan xsec x

-2, 2x] scl: % by [—4, 4l scl: 1 [-2m, 2] scl: g by [—4, 4] scl: 1

2
Graphs are not the same so sec X — COS~ X CSC X
# tan X SEecx.

57. (tan x + sec x)(1 — sin x) = cos X
SOLUTION:

ww

y: (tan x + sec x)(1 — sin Aﬂ
[ 2 ]
[-2x, 2] scl; % by [—4, 4] scl: 1 [-2x, 2x] sck: % by [—4, 4] scl: 1

(tan x +sec x)(1 —sin x) Start with the left side.

= 1an x — an x sin x + sec.x —secx sin v Multiply binomials.
sinx . . .
=tlanx— Sinx + = siny Quotient and Reciprocal Identities
cosx COSY  COSX
sin’ x 1 sinx .
=tanx + Multiply.
COSY  COSY COSX
sin” x 1 : 5
=tanx - F =——tan x Quotient Identity
COSY  COSX
sin”x 1

= tany —tanx=0
COSXY COsX

1 —sin’ x . .

= i Commutative Property
Cosx Cosx

1=sin’ ¥ ract
= Add fractions.
cosxY
cos’ ¥ =
= Pythagorean Identity
oS X
=cosxy ¥ Divide out common factor.
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SEC XCOS X 1
58.  cot’r - tan’y —sinatan’y =1
SOLUTION:
y=SLXOSK _ ____ | 2
n?} X tan® x — sin? xtan< x

I

[—2, 2] scl: % by [—4, 4] scl: 1

! _k-"'=—1

(2w, 2x] scl: - by [—4, 4] scl: 1

The graphs are not the same, so

SECYCOSY I

cot” x tan” x —sin” xtan~ x

59. MULTIPLE REPRESENTATIONS In this

# 1

problem, you will investigate methods used to solve

trigonometric equations. Consider 1 = 2 sin x.

a. NUMERICAL Isolate the trigonometric function
in the equation so that sin x is the only expression on

one side of the equation.

b. GRAPHICAL Graph the left and right sides of
the equation you found in part a on the same graph
over [0, 27 ). Locate any points of intersection and

express the values in terms of radians.

c. GEOMETRIC Use the unit circle to verify the

answers you found in part b.

d. GRAPHICAL Graph the left and right sides of
the equation you found in part a on the same graph

over -2 <x < 2. Locate any points of
intersection and express the values in terms of

radians.

e. VERBAL Make a conjecture as to the solutions
of 1 = 2 sin x. Explain your reasoning.
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5-2 Verifying Trigonometric Identities

SOLUTION:
a. 2sinx=|
2sinx = 1
3
; ]
gsiny=—
.
b.
y=3
Ty
N
|r = smx

[0, 2] scl: 7 by [-2, 2] scl: 1

. 1
The graphs ofy =sinx andy = - intersect at

T 5m
and over [0,27).

6 6

C. On the unit circle, sin x refers to the y-coordinate.

T om
They coordinate is - at 6and 6 .

LY
24 2 ITN\EY
6 3
- 0 X
d.
ol LN
¥ . T b T
MO
7= o]

[—2x, 2] scl: % by [-2, 2] scl: 1

. 1
The graphs ofy =sinx andy = - intersect at

eSolutions Manual - Powered by Cognero

60.

Il 17 3
——“, ——T, o and = over (—2m, 2m).
6 6 6 6

e. Since sine is a periodic function, with period 2 7,
the solutions repeat every 2n @ from
T S 1
and 7R Thus, the solutions of sin X = . arex
J £

Fid )
= 6 +2nmand x =

: +2n, wherenisan
¥

integer.

REASONING Can substitution be used to
determine whether an equation is an identity?
Explain your reasoning.

SOLUTION:

Substitution can be used to determine whether an
equation is not an identity. However, this method
cannot be used to determine whether an equation is
an identity, because there is no way to prove that the
identity is true for the entire domain.
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5-2 Verifying Trigonometric Identities

61. CHALLENGE Verify that the area A of a triangle
is given by
_ a’sin Fsin
2sin(8+-)

where a, b, and ¢ represent the sides of the triangle
and &, /i, and y are the respective opposite
angles.

SOLUTION:

W - T

Use the Law of Sines to write an equation for b in
terms of side a and angles B and o..
sin B _ sina sop= @55

b a 5111 o

A= %absin ¥

= %a (M)sin %

s 7
2. .

_ a“sin fsiny
Jsin o

" a’sin Bsiny
2sin [180°—(B +y)]

7. .
a“sin fSsin
2[sin 180%0s(f +y¥) —cos 180%in(f + )]

7. :
a“sin fSsin y
2[0-cos(B +y) —( —Dsin(f +y)]
2 :

_ a’sin Ssiny

T Zsin(f +y)

eSolutions Manual - Powered by Cognero

62. Writing in Math Use the properties of logarithms to

explain why the sum of the natural logarithm of the
six basic trigonometric functions for any angle & is 0.

SOLUTION:

lnjsin x| +1nlces x| +1n ftan x|

+lnlcse x| +1n Isec x| +1n lcot xl

=lIn|(sin x)(csc x)(cos x) (sec x)(tan x) (cot )|
=In

=10

According to the Product Property of Logarithms,
the sum of the logarithms of the basic trigonometric
functions is equal to the logarithm of the product.
Since the product of the absolute values of the
functions is 1, the sum of the logarithms is In 1 or 0.
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5-2 Verifying Trigonometric Identities

63. OPEN ENDED Create identities for sec x and csc

X in terms of two or more of the other basic
trigonometric functions.

SOLUTION:
Start with the identities sec x = sec x and csc x =

csc X. Manipulate one side of each equation until you

come up with an identity with two or more
trigonometric functions.

Two possible identities are: tan x sin X + cos X = sec

X and sin X + cot X coS X = CSC X.

tan ¥sinx 4+ cosx = S5IN X+ Ccos X

[
sin” x
= L COSX
(L
1-cos™ x
= 4 CosX
Cos Y
|
= COSX + COS X
COs X

1
COsX

=SeCX

. . COs X
SINXY +Cot X¥COSXY =3INX + — C05 X
S x

. COs5™ X
=5in X + —

sin .y
l-sinx

=sin X 4+ —
SNy

=s5inx+ —5inx

sinx
]

sinx

=CSC X

eSolutions Manual - Powered by Cognero

64. REASONING If two angles & and /i are

65

complementary, is cos? o + cos? S = 1? Explain your

reasoning. Justify your answers.
SOLUTION:
If @ and f are complementary angles, then  +

/# =90° and hence f#=90° — & . Use this to make
substitution in the equation.

2 2
cos” & +cos” fi
—cos® & + 0052(9O° — ()

2 .2
= COS & +sin =1,

. Writing in Math Explain how you would verify a

trigonometric identity in which both sides of the
equation are equally complex.

SOLUTION:

You can break the identity into two steps. For
example consider the identity:
2 2
l—tan”x _ cos” —1

l—cotzj.' coszj.'

First manipulate one side of the equation until it is

simplified reasonably.
2

l—tanzx cos —1
1— cotzﬂ.' coszx
—(1 —coszj.')
s 2 ]
Ccos X
..
e
N
cos X
= —tanEJ;

Since all steps performed were legitimate
operations, we know that the following identity
holds:

y l—tanzr
Hanex=r—— 5 —

1— cotzr

Now perform operations on the left side to verify.
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5-2 Verifying Trigonometric Identities

66.

67.

68.

2 l—tanzr
—tan "y = B g
1—cot®x
—tanzr( — 12 +l)
_ tan x
1 —cotzr
—tanEJ.' 1= x
ot x
= —tan?'_T
u:u:usz.\' —1 e
We have shown ——%— = —tan”x and
2 cos X
1—tan“x 7 ..
——— 5 = —tan"x by the transitive property
1—cot®s

of equality, we have verified that

1 —tan’x _ cos® —1

l—cotzx c:osz_r

Simplify each expression.
cos & csc ¢

SOLUTION:

1
cosflesct) = cosld - ——

siné
056 :
= "fh( Multiply.
sind
=cot Quotient Identity

tan & cot &
SOLUTION:

sind cost!
cosf? sinéd

=1 Divide out the common factors

tan eotd =

Quotient Identities

sin & cot #

SOLUTION:

, 2 cos ()
sinfcot & = sing. 5%

- Quotient Identity
siné

=cosd Divide out the common factors,

eSolutions Manual - Powered by Cognero

Reciprocal Identity

69. cosfcsch

tan @

SOLUTION:

costd 1
cosflesct | sing
tng  sind

cosfl

coséd cosd
sing sing
A cos* @
Tsinto

=cot" @

70. sin fesc @
cot #

SOLUTION:

sind 1
sinfesc I sind
Teotd | cosf

sin &/
_1 sing
1 cosd

_sind

cos
=tané

1— coszﬁ'
sinzé?
SOLUTION:

71.

I—cos (sin’@+cos’@)—cos™ @

Reciprocal and Quotient Identities

Multiply by reciprocal of the denominator.

Multiply fractions.

Quotient Identity

Reciprocal and Quotient Identities

Divide out commen factor of sin¢
and multiply by reciprocal of denominator.
Multiply.

Quotient Identity

sin” @ sin* @
sin” @
Tsin' e
=1

Pythagorean Identity

Combine like terms.

Divide out the common factor of sin” .
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5-2 Verifying Trigonometric Identities

72. BALLOONING As a hot-air balloon crosses over

a straight portion of interstate highway, its pilot eyes
two consecutive mileposts on the same side of the
balloon. When viewing the mileposts, the angles of
depression are 64“ and 7. How high is the balloon
to the nearest foot?

e 1 mi = 5280 f D £
First, find the measures of .~ CAD, - BCA, < ACD
and < DAE.
mLCAD =64=7°
=57
mLBCA =180 - (77 +907)
=§3%
mLACD =907 = §3°
=7°
mLDAE =90° - 64°
= 26"
In = ACD, use the law of sines to find the length of
AD
sin 5?"“_ I.\'in 7

5280  AD
3280sin 7° :
AD=— o1 or about 767.3 feet
sin57°

Next, use right triangle ADE and the cosine function
to find the length of A£ .

cos260 = ;—L
A

cos26% = _'”:
T67.3

AFE =767 3cos26% or about 690 fi

eSolutions Manual - Powered by Cognero

Locate the vertical asymptotes, and sketch the
graph of each function.

]
73.y = — tan X
y 2 an

SOLUTION:

1
The graph ofy = 2 tan X is the graph of y = tan x

T
compressed vertically. The period is m or m.Find
the location of two consecutive vertical asymptotes.

bx+c=- bx+c=

MNx+0== and (I +0=

J|a A = a
J|a KE kA

e
1

r=-
Create a table listing the coordinates of key points

] - 4
fory = — tan x for one period on --E.E].
4 22

1
y = rl tan X
Vertical i sk
Asymptote 2
()
4" 4
(0,0)

Vertical ; m
Asymptote ) 2

Sketch the curve through the indicated key points for
the function. Then repeat the pattern.
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5-2 Verifying Trigonometric Identities

74.y = csc 2x

SOLUTION:
The graph of y = csc 2x is the graph of y = csc x

n
compressed horizontally. The period is F’_I or T,

Find the location of two vertical asymptotes.

hv+ec=-m hv+ec=nm
(2)x+0=-x and (2x+0==n
b s L

X =
2

X =

-

1
75.y = - sec 3x

SOLUTION:

I
The graph of v = _sec 3x is the graph of y = sec x

compressed vertically and horizontally. The period is
2n 2r . .
|— or —— . Find the location of two vertical

-

o = ]

asymptotes.

Create a table listing the coordinates of key points

. nn
fory = csc 2x for one period on | - ;.;}.

Function
X=-T - o
i T
(-9
x=0 x=0
T pIs
1) | &)
- y==
X=T7 5

Sketch the curve through the indicated key points for
the function. Then repeat the pattern.
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bx+c=-

br+c=

2 ra|a

"

-

b=
|

ol

=

b=
|

and

\ed
=
]

e
ot
1]
I
| = b2

T
r=——

] 2
Create a table listing the coordinates of key points

= I,:ri';f |4|:;|“' u|§’

et
I

[ _ KW
for y=—sec3x for one period on | ——,—|.
2 6 2

Vertical . n
Asymptote ) ’ 6
Intermediate (D )
Point

Intermediate (E w3 1)
Point ' 37 2

Vertical ) E
Asymptote : 2

Sketch the curve through the indicated key points for
the function. Then repeat the pattern.
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5-2 Verifying Trigonometric Identities

Write each degree measure in radians as a
multiple of & and each radian measure in

degrees.
76. 660"
SOLUTION:
o of mradians
660° = 660 (—1gn° )
11";
3 radians
_lla
g
77.570°
SOLUTION:
570° = 5?0*3(—““”““)
180
15'1.'
5 “=radians
_ 19z
=
78. 158*
SOLUTION:
B of mradians
158° =158 (—130 )
__ 9%
=0 ——radiang
_ 79
oo
4
79, 2%
4
SOLUTION:
20m _ 20m
g radians
2911: 180°
) 1adn11€(—1_&dims)
5330
= 4
=1305°
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20, 177
3]

SOLUTION:

1']"1r|: 17m
4 6

1?1r|: 180°
- 1adn11€( 1'&1:1iﬂ11f~.:)

=3510°

radians

81.9

SOLUTION:
9=09radians
= 91‘&&3115(&)

T racians

__1620°

T

=5157°
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Solve each inequality.
82.x%—3x— 18>0

SOLUTION:
Let f(x)=x"-3x-18
=({x+3)x-06)

f(x) has real zeros at x = -3 and x = 6. Set up a sign
chart. Substitute an x-value in each test interval into
the polynomial to determine iff (x) is positive or
negative at that point.

for[—oo, —3],x= —4

(x+3)(x—6) 70
Gt o M R
(=1(—10)70

10 >0

for [—3,6],x=0
(r+3(x—6)70
(04+3)(0—6)70
(3(—6)70
—18 <0

Sor[6, 0], x=8
(x+3)(x—6)70
(84+3)(8—6)70

(152 70

22>0

(4}, (=), (+)

3 & x

The solutions of X2 — 3x — 18 > 0 are x-values such
thatf (x) is positive. From the sign chart, you can see

that the solution set is {—w0. 3} (6.2).

eSolutions Manual - Powered by Cognero

83.x% +3x—28<0

SOLUTION:
Let f(x)=x"+3x-28
=(x+THx=-4)

f(x) has real zeros at x = —7 and x = 4. Set up a sign
chart. Substitute an x-value in each test interval into
the polynomial to determine iff (x) is positive or
negative at that point.

for [—oo, —7],x= —8
(x4+T(x—4)70
(=847 (—-8-4)70
(—D(=12)70
12 =0

FJor[—1.4],x=0
(x+T7(x—=4)70
(04+7N({(0—-4)70

(N(=4 70
—28<0

FJor[4,00],x=8
(r+T)(x—4370
(84+T7(8—-4)70

(15)(4) 70

60 =10
. §FE . deE . Y
-7 ) x

The solutions of X + 3x — 28 < 0 are x-values such
thatf (x) is negative. From the sign chart, you can
see that the solution set is (~7.4).
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84. x? _ 4x <5
SOLUTION:
First, write x2 —4x<5as x2 —4x-5<0.
Let f{x)=x"—-dx-35
={x+1)¥x-35)
f(x) has real zeros at x = —1 and x = 5. Set up a sign
chart. Substitute an x-value in each test interval into

the polynomial to determine iff (x) is positive or
negative at that point.

Farl =m0, =1 ¥ ==2
(x+D{x—3)70
(—24+D(—-2-5)70
Y70
T=0

FJor[—1,5],x=0
fx +D{x-5)70
(0+1)(0-5 170

G e
~5<0

for [5,c0], x =06
(x4+1i(x—5)70
(6+D(6—=570
(M 70
720

(=) - E=F ; 4*h

-1 5 X

The solutions of x2 — 4x -5 < 0 are x-values such
thatf (x) is negative or equal to 0. From the sign

chart, you can see that the solution set is [~1.5].
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85. %% +2x > 24

SOLUTION:
First, write X2 + 2% > 24 as X2+ 2% — 24 >0.
Let f{x)=x"+2x-24
=(x+6)x—4)
f(x) has real zeros at x = —6 and x = 4. Set up a sign
chart. Substitute an x-value in each test interval into

the polynomial to determine iff (x) is positive or
negative at that point.

for [ -, —B].x= —38
(x4+6)(x—4)70
(—846)(—8-4)70
(—2)(—12)70
2420

fer| —6,4].2=D
(r4+6)(x—4370
(04+6)(0—-4370
(& —=470
—24 <0

for[4,e0], x =8
(x4+6(x—4)70
(B+6)(E—4370
(14)(2) 70
2820

(+) , (=), (%)

6 4 x

The solutions of x* + 2x — 24 > 0 are x-values such
thatf (x) is positive or equal

to 0. From the sign chart, you can see that the
solution set is (. — 6] [4.%0).
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86. —xz—x+1220
SOLUTION:
First,write—xz—x+1220asx2+x— 12 <0.
Let f(x)=x"+x-12

={x+4)x-13)

f(x) has real zeros at x = —4 and x = 3. Set up a sign
chart. Substitute an x-value in each test interval into
the polynomial to determine iff (x) is positive or

negative at that point.
for [ =m0, =4, x=.—8

(x +4)(x—3) 70
(—6+4)(—6—3)70
C=2¢=9 140

18 >0

for.[—4,3].x=0
(r+4)(x—=3)70
(04+4)(0—-3)70
Ai(=370
—12<0

for [3,ru], x=4
(r+4)(x—=370
44+404-370
(8(H70

g§=0

The solutions of x + x — 12 < 0 are x-values such
thatf (x) is negative or equal

to 0. From the sign chart, you can see that the
solution set is [4.3].
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87. —x2—6x+7§0
SOLUTION:
First, write — X% — 6X +7 <0as X2 +6x—7 >0.
Let f(x)=x"+6x-7
={x+THx-1}
f(x) has real zeros at x = —7 and x = 1. Set up a sign
chart. Substitute an x-value in each test interval into

the polynomial to determine iff (x) is positive or
negative at that point.

forli=ma. =1 3=-8
(x+TN(x=170
(—84+N(—-8-1)70
(—D(—-5"70
9=0
for [T 1], x=0
(x+N(x=1"70
(04+7(0-1) 70

(=100
—7<0

for [oa,. =7, x=—8
(x4+7N(x—-1)70
(—8B4+T7(—8-1"70

E=lE=ay 11
9=0
t=) =1,  i=}
7 1 X

The solutions of x* + 6x — 7 > 0 are x-values such
thatf (x) is positive or equal

to 0. From the sign chart, you can see that the
solution set is (. — 7] [l.e0).
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88. FOOD The manager of a bakery is randomly

checking slices of cake prepared by employees to
ensure that the correct amount of flavor is in each
slice. Each 12-ounce slice should contain half
chocolate and half vanilla flavored cream. The
amount of chocolate by which each slice varies can

I .
be represented by g(x) = : | x — 12|. Describe the

transformations in the function. Then graph the
function.

SOLUTION:
The parent function of g(x) isf (x) = |x|. The factor

1
of = will cause the graph to be compressed since

1
=re | and the subtraction of 12 will translate the

graph 12 units to the right.
Make a table of values for x and g(x).

4 8 12 16 20

X
gx) | 4 2 0 2 4

Plot the points and draw the graph of g(x).

18
14

10

.r\/
Ol 2 | 6 [ 10 ] 14 ] 18
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89.

90.

SAT/ACT
a,b,a,b,b,a,b,b,b,ab,b,b,b,a,...

If the sequence continues in this manner, how many
bs are there between the 44th and 47th appearances
of the letter a?

A9l

B 135
C 138
D 182
E 230

SOLUTION:

The number of bs after each a is the same as the
number of a in the list (i.e., after the 44th a there are
44 bs). Between the 44th and 47th appearances of a
the number of bs will be 44 + 45 + 46 or 135.
Therefore, the correct answer choice is B.

Which expression can be used to form an identity
with _Sec ¥ +cscé

, when
l14+tan @
tan & = —1?
F sin &
Gcos ¢
H tan ¢
Jcsc &
SOLUTION:
1,1
secB+cscl _ _codfl  sind
1+tanf ginf
1+ cosd
sinf » cosd
o cosdsind sinfcosd
cosd » sind
cosd cosd
sinf+cosd
= cosdsind
cogl+sind
cosd
_ sinB+cosd cosd
coskind cosd +s5ind
__1
sinf
=csch

Therefore, the correct answer choice is J.
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91. REVIEW Which of the following is not equivalent to
cos &, when0< < = 9
cosf
cos?8 + sin @
1 —sinzlﬁ'
B coséd

C cot & sin &
D tan & csc &

A

SOLUTION:
A zmﬁ —— = ':Ci'q? or cosf
cos f4sin"g
o2 2
1l —sin’"8d _ cos f — e

cos? cos?

C cotBsinf = Zﬂ;’g csinf = cosd
D.tanfescg =208 . L _ 1 # cosd

co®d  minf | cowd
Therefore, the correct answer choice is D.

92. REVIEW Which of the following is equivalent to sin
&+ cot & cos €7

F 2sin &
G i
sin @
H cos2 a
p sin 84 cos @
sinzﬁi‘
SOLUTION:
sin@ + cotBcosd = sin@ + £92. , cod
ginfd 1
2
— sinQ+ 058
gind
— si112E‘ i .:.:.529
ginf aind
ginf
_ 1
gind

Therefore, the correct answer choice is G.
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